Gravitationally coupled scalar fields φ, distinguished by the choice of an effective self-interaction potential V (φ), simulating a temporarily non-vanishing cosmological term, can generate both inflation and late time acceleration. In scalar field cosmological models the evolution of the Hubble function is determined, in terms of the interaction potential, by a Riccati type equation. In the present work we investigate scalar field cosmological models that can be obtained as solutions of the Riccati evolution equation for the Hubble function. Four exact integrability cases of the field equations are presented, representing classes of general solutions of the Riccati evolution equation, and their cosmological properties are investigated in detail.
I. INTRODUCTION
The standard model of cosmology is remarkably successful in accounting for the observed features of the Universe. However, there remain a number of fundamental open questions at the foundation of the standard model. In particular, we lack a fundamental understanding of the acceleration of the late universe [1] . In fact, the standard model of cosmology has favoured dark energy models, involving time-dependent scalar fields, as fundamental candidates responsible for the cosmic expansion. Indeed, scalar fields naturally arise in particle physics, including string theory, and in addition to this, the underlying dynamics in inflationary models depend essentially on a single scalar field, with the inflaton rolling in some underlying potential [2] . A plethora of candidates exist for dark energy, and we refer the reader to [3] for a review.
In a cosmological context, the mathematical properties of the Friedmann-Robertson-Walker (FRW) models with a scalar field as a matter source have also been extensively investigated. For instance, in [4, 5] a simple way of reducing the system of the gravitational field equations to a first order equation was proposed, namely, to the Hamilton-Jacobi-like equation for the Hubble parameter H considered as a function of the scalar field φ. In fact, a number of integrable one-scalar spatially flat cosmologies, which play a natural role in the inflationary scenarios, were studied in [6, 7] . Recently, a general method for the study of scalar field cosmologies, based on the reduction of the Klein-Gordon equation to a first order * Electronic address: t.harko@ucl.ac.uk † Electronic address: flobo@cii.fc.ul.pt ‡ Electronic address: mkmak@vtc.edu.hk non-linear differential equation, was proposed in [8] .
It is interesting to note that the possibility of describing the cosmological dynamics for a barotropic fluid in terms of a Riccati equation was discussed in [9] . For a cosmological fluid satisfying an equation of state of the form p = (γ − 1)ρ, the Friedmann equations give for the scale factor the evolution equation in the conformal time η is written as a ′′ /a + (c − 1) (a ′ /a) 2 + ck = 0, where c = 3γ/2 − 1, and k = ±1, and a prime denotes the derivative with respect to η. By introducing the transformation u = a ′ /a, we obtain for u the Riccati type equation u ′ + cu 2 + ck = 0, which is easily integrable. The Riccati equation based study of the different properties of the isotropic FRW type cosmological models was performed in [10] . In fact, the integrability conditions of the Riccati equation obtained in [11] allow the integration of the structure equations of isotropic general relativistic compact objects [12] in the context of general relativity. Furthermore, the applications of the Riccati equation to stellar and cosmological models have been extensively discussed in the literature, and we refer the reader to [13] [14] [15] [16] [17] . Very recently, using the Chiellini type integrability condition for the generalized first kind Abel differential equation, consequently, the new class of exact analytical solution of the Riccati type equation has been obtained in [18] .
Therefore, the theoretical investigation of scalar field models is an essential task in cosmology. It is the purpose of the present Letter to explore alternative approach in solving the cosmological gravitational field equations in the presence of self-interacting scalar fields, based on the mathematical analysis of the Riccati type equation that gives the Hubble function in terms of the scalar field potential. We present several cases of integrability of this equation, corresponding to specific forms of the scalar field potential, or of the Hubble function. The physi-cal properties of the obtained solutions are analyzed in detail.
The present Letter is organized as follows. The basic Riccati evolution equation for scalar field cosmologies with an arbitrary self-interaction potential is derived in Section II, and four classes of exact scalar field solutions are obtained in Section III. We discuss and conclude our results in Section IV. Throughout this Letter, we use natural units c = 8πG =h = 1, and adopt as our signature for the metric (+1, −1, −1, −1).
II. THE RICCATI EVOLUTION EQUATION FOR THE HUBBLE FUNCTION: GENERAL FORMALISM
Consider in the Einstein frame the following Lagrangian density, which represents a general class of scalar field models, minimally coupled to the gravitational field,
where R is the curvature scalar, φ is the scalar field, and V (φ) is the self-interaction potential. Assume a flat FRW scalar field dominated Universe given by the following the line element
where a is the scale factor. Thus, the evolution of a cosmological model is governed by the system of the field equations
where ρ φ is the energy density, and p φ is the pressure due to the scalar field φ, respectively, and the evolution equation for the scalar field
where H =ȧ/a > 0 is the Hubble expansion rate function. In the following the overdot denotes the derivative with respect to the time-coordinate t, and the prime denotes the derivative with respect to the scalar field φ, respectively. By adding Eqs. (3) and (4), we obtain the Riccati type equation satisfied by H, of the forṁ
The deceleration parameter q, indicating the accelerating/decelerating nature of the cosmological expansion, is defined as
In the following Section, we will obtain several classes of exact solutions of the Riccati Eq. (6).
III. EXACT SOLUTIONS OF THE RICCATI EVOLUTION EQUATION A. The case H(t) = αV (t) + g(t)/3β
We assume that H has the general form
where H(t), V (t) and g(t) ∈ C ∞ (I) are arbitrary functions defined on a real time interval I ⊆ ℜ and α,β ∈ ℜ are arbitrary constants. Hence Eq. (6) can be written as
1. The first class of solutions: g (t) = β/t
As a first example of an exact scalar field cosmological model we consider that the arbitrary function g (t) satisfies the differential equatioṅ
which gives for g (t) the expression g (t) = β/t, where without loss of generality, an arbitrary constant of integration has been taken as zero. Then the scalar field potential satisfies the Bernoulli differential equatioṅ
Therefore we have obtained the following theorem: Theorem 1. If the self-interaction potential of a cosmological scalar field has the time dependence given by
where Ei(z) = − ∞ −z e −t dt/t is the exponential integral function [19] , and V 0 is an arbitrary constant of integration, then the time variation of the Hubble function is obtained as
Thus, the time variation of the scale factor is obtained as
where a 0 is an arbitrary constant of integration. We obtain immediately lim t→0 a(t) = 3 1/3 a 0 , showing that the obtained solution is non-singular. The deceleration parameter is given by
The dynamics of the scalar field can be obtained from the equation
where φ 0± are arbitrary constants of integration. The time variations of the scalar field potential, of the scale factor, of the deceleration parameter, and the potentialscalar field dependence V = V (φ) are presented, for different values of α, and for a fixed value of V 0 , in Figs. 1-2. The Universe starts its evolution from an accelerating phase, with q ≈ −1.5, but enters, after a short time interval, into a decelerating expansionary phase, with q > 0. The scalar field potential tends rapidly to zero, so that lim t→∞ V (t) = 0. The V = V (φ) dependence of the potential on the scalar field, represented in the right plot of Fig. 2 , cannot be obtained in an exact form. The time variation of the scalar field φ, represented in Fig. 3 , shows that φ is an increasing function of t.
The second class of solutions
As a second example of an exact solution of the Riccati evolution equation for the Hubble function we consider the case in which the potential satisfies the Bernoulli differential equationV
Hence the time dependence of the scalar field potential can be obtained as
where V 0 is an arbitrary constant of integration. By assuming that at t = 0, V (0) = V in , it follows that 
The scale factor is given by
where we have denoted a 0 = 1/V 0 . It is interesting to note that the scale factor a(t) is non-singular at t = 0, and The deceleration parameter in this model is given by
In the limit t → ∞, the scalar field potential tends to a constant, lim t→∞ V (t) = 1/3α 2 , while lim t→∞ H(t) = 1/3α, and lim t→∞ q(t) = −1, respectively. Therefore for this scalar field potential the Universe ends in a de Sitter-type exponential expanding phase. The time variation of the scalar field can be obtained from the equation
, and the dependence of the potential on the scalar field is obtained in a parametric form.
B. Exact solution of the field equations for
We assume that the potential V (t) satisfies the integral condition where we have introduced a new arbitrary function f 1 (t) ∈ C ∞ (I) defined on a real interval I ⊆ ℜ and V 1 ∈ ℜ is an arbitrary constant. By inserting Eq. (24) into Eq. (6), the latter takes the form
Therefore we obtain the following: Theorem 3. If the scalar field potential V (t) satisfies the integral condition (24), then the general solution of the Riccati equation (6) is given by
where C 1 is an arbitrary constant of integration. Equation (26) can be immediately integrated to give the scale factor in the form
where a 0 is an arbitrary constant of integration. The deceleration parameter q takes the form
The scalar field φ (t) can be written as
where φ 0± are arbitrary constants of integration. Note that the physical behavior of the Universe is determined by the choice of the arbitrary function f 1 (t). The potential V (φ) can be uniquely determined in a parametric form from Eqs. (24) and (29), with the time t taken as a parameter.
As a simple application of the integrability condition of the gravitational field equations given by Theorem 3 we consider the particular case for which f 1 (t) = f 0 = constant > 0. Moreover, for simplicity, we also assume V 1 = 0. Therefore, in this model, the time dependence of the scalar field potential is given by
For the Hubble function we obtain the expression
where H 1 is an arbitrary constant of integration, and erf(z) = (2/ √ π) z 0 exp −t 2 dt is the error function, giving the integral of the Gaussian distribution [19] . The scale factor a(t) can be obtained as a(t) = a 0 e f 0 t 2 2
The deceleration parameter is given by
The time dependence of the scalar field can be obtained in an integral form as
IV. DISCUSSIONS AND FINAL REMARKS
In the present Letter, we have shown that the time evolution and dynamics of the Hubble function in scalar field cosmologies can be formulated in terms of a simple first order Riccati type equation, with the cosmological dynamics entirely determined by the time variation of the scalar field potential. This equation immediately leads to the identification of some classes of scalar field potentials for which the field equations can be solved exactly, and it allows the formulation of very general integrability conditions. We have obtained the complete solution of the gravitational field equations describing the time evolution of the flat FRW Universe in the presence of the scalar field φ (t) for four functional forms of the self-interaction potential V . The first two solutions are obtained for fixed forms of the scalar field potential, while in the last two solutions the form of the potential is arbitrary, and determined by a general integrability condition. The integrability conditions determine the allowed form of the scalar field self-interaction potential in terms of some arbitrary time dependent functions f 1 (t) and f 2 (t), respectively, thus leading to the possibility of constructing very general solutions of the field equations, and to reconstruct easily the Hubble function, once the evolution of the potential is given.
In conclusion, we have obtained several exact solutions of the gravitational field equations in the presence of a scalar field. In order to obtain a deeper physical understanding of the solutions comparisons with the observational data are necessary. Work under these lines is presently underway, and the results will be presented in a future publication.
